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1. INTRODUCTION 
The object of this paper is to study necessary and sufficient conditions for 
the existence of bounded solutions in R of nonhomogeneous differential 
equations. 
We consider the systems: 
f=A(t)x, W) 
i= -Mt), (A4 1 
i=A(t)x+f(t), (NH) 
where A(t) is n x n, continuous in R and f(t) is n x 1. 
We say that the Fredholm Alternative holds in the case of bounded 
functions, if for each bounded and continuous function f: R + R”, (NH) 
has at least one bounded solution in R if and only if JYa y( t)f(t) dt = 0, 
for every bounded solution in R, y(t), of (Adj). 
If (H) has exponential dichotomies in R + and in R _ then the Fredholm 
Alternative holds. This result can be found in Hale [4], Lovelady [8], 
Palmer [9], and Silveira [ 111. 
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The purpose of this paper is to prove that under suitable conditions the 
converse of the above statement holds, that is, if the Fredholm Alternative 
is satisfied then (H) has exponential dichotomies in R, and in R-. 
The above Fredholm Alternative is very important in studying 
homoclinic and heteroclinic solutions of nonlinear differential equations, 
using the Liapunov-Schmidt Method. This was pointed out by Chow, 
Hale, and Mallet-Paret in [3 3 and since then many results appeared even 
in the infinite dimensional case. The last ones can be found in 
Blasquez [l], Hale and Lin [S], Lin [7], Rodrigues and Silveira [lo], 
and Silveira [ 111. 
2. PRELIMINARIES 
Let X(t, s), X(t, t) = Z, be the principal matrix solution of (H). Equation 
(H) is said to have an exponential dichotomy on an interval .Z, with 
positive constants K and a, if there are projections P(s), s E .Z, continuous in 
s, such that 
0) JUt, S) P(s) = P(t) x(4 s), t, s E J, 
(ii) IX(t, s) P(s)1 6 Keeacres), t 2s in J, 
(iii) IX(t, s)(Z-P(s))1 < Ke-“(s-f’, s 3 t in J. 
THEOREM 2.1 (Fredholm Alternative). Suppose that (H) has exponen- 
tial dichotomies in R, = [0, co) and R- = (- co, 0] and that f is continuous 
and bounded in R. Then every solution of (Adj) decays exponentially as 
ItI -+ co and (NH) has a bounded solution in R zf and onfy if 
!“‘a: At)f(t)dt==O,f or every bounded solution of (Adj) in R, y(t). 
For a proof see Hale [4], Lovelady [8], Palmer [9], or Silveira [ 111. 
We will say that (H) has bounded growth on an interval J if, for some 
fixed h > 0, there exists a constant C > 1 such that every solution x(t) of 
(H) satisfies Ix(t)\ < Clx(s)l for s, t E J and s < t <s + h. Equation (H) has 
bounded growth if A(t) is bounded or even if f;+” (A(s)1 is bounded. 
THEOREM 2.2. Suppose (H) has bounded growth in R, . Then (NH) has 
at least one bounded solution in R, , for every bounded and continuous 
function f: R, + R” tf and only if(H) has an exponential dichotomy in R, . 
For a proof see Coppel [a]. A similar result can be stated in R- . 
LEMMA 2.3. Let V be a linear space and let x’, xi, . . . . XL be elements of 
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the dual of V. Then x’ is linear dependent on xi, . . . . xl, if and only tf 
NW) 2 fX= 1 NW), w h ere N( .) indicates the Kernel1 of a functional. 
The above lemma can be found in Larsen [6, Corollary 3.3.1, p. 691. 
3. THE CONVERSE OF THE FREDHOLM ALTERNATIVE 
THEOREM 3.1. Suppose that (H) has bounded growth and that every 
bounded solution of (Adj) in R is absolutely integrable in R. If for each con- 
tinuous and bounded function f: R + R”, (NH) has a bounded solution in R, 
tf and only if s”lco y(t) f(t) dt = 0, for every bounded solution in R of (Adj), 
y(t), then (H) has exponential dichotomies in R + and in R- . 
Proof Our objective is to use Theorem 2.2. Therefore we will prove 
that for every function h: R, + R”, continuous and bounded, (NH) has a 
bounded solution in R + . A similar result can be proved in R _ . 
Let !P= col(tJ,, . . . . I+G~) be a matrix whose rows form a basis of the space 
of the bounded solutions in R of (Adj). 
The next step is to search a bounded and continuous function f: R + R” 
such that f(t) = h(t) for t in R + and ST, P(t) f (t) dt = 0, or equivalently 
s 
’ !I’(t)f((t) dt = - jso !P(t) h(t) dt. (3.1) 
-m 0 
The above problem will be solved if we prove that, given a E R”, y E R”, 
there exists a continuous and bounded function g: R- -+ R” such that 
g(0) = y and Tg = u, where Tg ef s” o. !p(t) g(t) dt. 
The last statement is equivalent to proving that for each j= 1, . . . . m there 
exists a bounded and continuous function gj: R _ --) R”, such that, Tgj = ej, 
gj(0) = 0, where ej = col(0, 0, . . . . 1, . . . . 0), with the number 1 in thejth com- 
ponent. We will consider the case j= 1, since the general case follows the 
same idea. 
Let T ef col( T,, . . . . T,,,) and let EEf (g: R- -+ R” which are bounded, 
continuous and g(0) = O}. 
Let Nj%’ (ge,!Z: T,g=O} forj= 1, . . ..m. 
We assure that there exists g E fly! 2 Nj such that T, g # 0. Assume this is 
not the case, that is, ny=2 Nj such that T, g #O. Assume this is not the 
case, that is, @! 2 Nj c N, . 
From Lemma 2.3 it follows that for each j= 2, . . . . m there exists Aj~ R, 
such that T, = cy! 2 Aj Tj and thus for every g E E, 0 = (T, - X7= 2 Aj Tj) g = 
JYcc (+l-Cjm=ZAj$j)g* 
Therefore $, = CJ’=~ Aj$j, which is a contradiction, since $j, j= 1, . . . . m, 
were assumed to be linearly independent. 
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Now if T, g # 0, g E n;= 2 Nj, define F $f g/( T, g). Thus we have T, F = 1 
and FE(& Nj, that is, T,F=O, for j=2, . . . . m, and then TF=e,. 
From (3.1) and from our assumptions it follows that (NH) has a boun- 
ded solution in R. 
To complete the proof it suffices to use Theorem 2.2. 1 
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